Using the semiclassical Boltzmann transport theory, we analytically consider dc charge transport in gapless chiral electron systems in the presence of resistive scattering due to static disorder arising from random quenched impurities in the background. We obtain the dependence of the Boltzmann conductivity on carrier density and temperature for arbitrary band dispersion in arbitrary dimensionality assuming long-range (∼ 1/r) Coulomb disorder and zero-range white noise disorder [∼ δ(r)]. We establish that the temperature and the density dependence of the Boltzmann conductivity manifests scaling behaviors determining respectively the intrinsic semimetallic or the extrinsic metallic property of the gapless system.
Using the semiclassical Boltzmann transport theory, we analytically consider dc charge transport in gapless chiral electron systems in the presence of resistive scattering due to static disorder arising from random quenched impurities in the background. We obtain the dependence of the Boltzmann conductivity on carrier density and temperature for arbitrary band dispersion in arbitrary dimensionality assuming long-range (∼ 1/r) Coulomb disorder and zero-range white noise disorder [∼ δ(r)]. We establish that the temperature and the density dependence of the Boltzmann conductivity manifests scaling behaviors determining respectively the intrinsic semimetallic or the extrinsic metallic property of the gapless system.
I. INTRODUCTION AND BACKGROUND
Much interest has focused over the last 10 years on the electrical transport properties of electron (and hole) systems where the band dispersion deviates from the standard E(k) = 2 k 2 /2m parabolic metallic band dispersion (E, k, m respectively being single-particle energy, wave vector, and effective mass). The most important example of such a system in nature, which has been studied extensively over the last 10 years 1,2 , is graphene 3 which has two-dimensional gapless linear relativistic Dirac-like chiral energy dispersion defined by E(k) = v F k, with k = |k| as the 2D wave number and v F as the graphene velocity defining its linear dispersion.
Very recent interest in the literature 4 has been on 3D Dirac-Weyl materials which have chiral relativistic linear gapless band dispersion in three dimensions (i.e., akin to '3D graphene'). For our purpose the distinction between Dirac and Weyl systems is unimportant, and we will refer to the linearly dispersing gapless chiral systems as Dirac materials (with a certain degeneracy factor 'g', which counts the number of carrier 'species' or 'flavors' in the system as reflected in the spin and/or valley degeneracy -e.g., for graphene g = 4 and for some of the proposed 3D Dirac materials g = 24), completely ignoring any inter-species scattering (e.g., scattering between valleys in the band structure) and assuming each carrier species to be contributing independently (and equally) to charge transport. A number of recent theoretical publications in the literature study transport properties in 3D Dirac systems [5] [6] [7] [8] [9] [10] . The number of publications on 2D graphene is huge (> 10, 000) and we can only cite some relevant review articles 1,2 . Our current work presented in this paper asks the following question: What can we say theoretically about transport properties of a chiral gapless electron system with arbitrary energy band dispersion (and in arbitrary dimensions)? Of course, the general theory for such a completely general problem is intractable, and we focus on the semiclassical transport properties within the Boltzmann theory using the relaxation time approximation. We also restrict ourselves to the dc electrical conductivity limited only by disorder scattering where the disorder arises from random quenched impurities in the material with electron-impurity scattering potential being either the long-ranged Coulomb potential (assuming to be the usual 1/r-type in all dimensions where r is the electron-impurity spatial separation) or the zero-range δ-function potential. We consider both screened and unscreened limits of the Coulomb disorder, and obtain completely analytical results for the dc charge conductivity in all dimensions with our results agreeing with the known results in two and three dimensional gapless Dirac systems.
Our motivation for our theoretical work is obvious. Given the great current interest in gapless linearly dispersing Dirac systems, it makes sense to obtain results for both linear and quadratic energy dispersions in arbitrary dimensions in order to develop intuition about the dispersion-dependence of transport properties. If theoretical results can actually be obtained in arbitrary dimensions for arbitrary band dispersions, obviously that would provide a more complete picture for the qualitative nature of transport properties in electronic materials. But there is actually a second subtle (and perhaps more urgent) reason arising from quantum criticality for theoretical work which we discuss below.
It has been known for almost 30 years, since the seminal work of Fradkin 11 , that a system of gapless electrons, where the conduction and valence bands touch at a finite number of isolated points (so-called Dirac points where the system is a perfect semimetal with no electrons or holes) in momentum space manifesting linear band dispersion, has a disorder-induced T = 0 quantum phase transition for d > 2 where d is the system dimensionality (with d c = 2 being the critical dimension). The transition manifests itself as the density of states (DOS), D(E), becoming finite at E = 0 (taking the Dirac point to be at E = 0 with no loss of generality as our notation for zero energy) for infinitesimal disorder strength (finite critical
in a clean noninteracting system with D(E = 0) = 0 at the Dirac point in both cases. The DOS serves as the nominal order parameter for this quantum phase transition, being zero (finite) for disorder strength below (above) the critical point (with the critical disorder being zero for d = 2). Although the original result was obtained within as 1/N -expansion with N = g being the number of fermion species (or the electron degeneracy factor), this disorder-driven quantum phase transition has now been verified using many disparate theoretical techniques including one-loop 12 and two-loop 13 renormalization group (RG) calculations, exact numerical simulations 9,14,15 , self-consistent Born approximation calculations 7, 8 , and general scaling theories 16 . In fact, very recent work 17 indicates that this disorder-induced quantum phase transition even survives some finite interaction effects leading to rich multicritical behavior.
We emphasize five important caveats with respect to this quantum phase transition: (i) it occurs in the undoped intrinsic situation when the chemical potential is precisely at the Dirac point (E = 0) with no free electrons/holes present in the system (indeed for any finite doping, the chemical potential would shift from the Dirac point into the conduction or the valence band leading to D(E = E F ) at the fermi level to be finite any way even in the clean system); (ii) the transition has only been theoretically established for short-ranged (e.g., Gaussian) disorder; (iii) the so-called Griffiths physics associated with rare disorder regions may affect the transition leading to band tailing corrections even at E = 0 18 which could lead to finite DOS for all disorder in all dimensions; (iv) the physics of disorder-induced electronhole puddle formation 6 which is known to be of great importance 19, 20 and relevance 21, 22 in graphene, is ignored (indeed disorder induced puddles lead to macroscopic density inhomogeneity in the system with considerable spatial fluctuations in the chemical potential which lead to the local DOS being always a fluctuating finite quantity throughout the system for any finite disorder even when the average Fermi level is at E = 0; (v) all quantum localization effects are ignored consistent with the assumption of no intervally scattering in the system 23 .
The disorder-induced 'semimetal-to-metal' transition (with the DOS increasing from zero to finite at the Dirac point) discussed above provides an important (albeit indirect) context for our current work. The Boltzmann conductivity at T = 0 for an electron system is given by σ ∝ D(E F )τ (E F ), and obviously the DOS plays a decisive role in directly determining the conductivity through the D(E F ) factor as well as indirectly through the relaxation time τ which itself, of course, depends on the DOS (and also on the disorder potential). But, the DOS, D(E), for an arbitrary band dispersion defined by
spectively, as is well-known), and thus specific combinations of (α, d) provide finite or vanishing DOS at E = 0. Thus, for d = 2 = α (i.e., the ordinary parabolic metallic electron system), the DOS is an energy-independent constant which is finite at E = 0 whereas for d = 3 = α the same is true in 3D systems. In fact, for any d = α (d > α) the DOS is finite (zero) at E = 0 in arbitrary dimensions for the clean noninteracting system, thus making α = 2 (3) special for d = 2 (3) respectively in the consideration of the putative semimetal-metal theoretical consideration. We note that the critical dimensionality for the disorder-driven (through the DOS) semimetal-metal transition is precisely d c = 2α 11 showing the coupled role of d and α in this context. Thus, we can compare the effect of having finite versus vanishing DOS on transport properties by tuning the band dispersion (i.e., α) and the dimensionality (i.e., d). This should provide some qualitative insight into the behavior of the charge conductivity through the semimetal ("vanishing DOS") to metal ("finite DOS"), albeit by tuning α (rather than by disorder). We are also in a position to make statements about how the nature of disorder (long versus short range) affects the conductivity in the semimetallic versus the metallic phase.
We note that the order parameter controlling the actual disorder-driven quantum phase transition [11] [12] [13] [14] is the DOS, being zero (finite) in the semimetal (metal) phase, and any connection between this quantum phase transition in the charge conductivity, i.e., the semimetal (metal) being defined by vanishing (finite) conductivity, can only be established numerically. In particular, within the Boltzmann theory, D(E = 0) = 0 does not necessarily imply a vanishing conductivity since the transport relaxation time could diverge at E = 0, and inversely, one could have, at least as a matter of principle, a vanishing conductivity for finite values of D(E) since the relaxation time could vanish! One of our goals in the current work is precisely understanding this dichotomy within the Boltzmann theory by investigating various combinations of d and α to see whether it is indeed always true that the DOS and conductivity manifest monolithic behavior with the vanishing (finite) values of D(E = 0) being necessary and sufficient for vanishing (finite) conductivity in all situations. We find the answer to this question within the Boltzmann theory to be a definitive negative.
The question of how the Dirac point charge conductivity behaves through the semimetal-metal quantum phase transition has been somewhat controversial [7] [8] [9] 11, 16, 18 . In particular, although the conductivity on the metallic side of the transition is always claimed to be finite by virtue of the finite DOS, the conductivity on the semimetal side (with vanishing DOS) has been found to be vanishing (finite) for short-range (long-range) disorder within the self-consistent-Born-approximation (SCBA) for 3D Dirac systems (d = 3 and α = 1) in ref. [8] . The direct numerical calculation 9 finds finite conductance at E = 0 in both phases, but infers that the conductivity actually vanishes (remains finite) in the semimetal (metal). Our earlier Boltzmann theory (using the standard Born approximation for obtaining the relaxation time) gives vanishing (finite) conductivity at the Dirac point for both 2D 24 and 3D
5 Dirac systems using long-range (short-range) disorder in contrast to the SCBA results. Thus, the physics for long-range disorder, which is of considerable experimental relevance because of the invariable presence of random charged impurities in electronic materials, remains open as does the question of whether the interesting semimetal-to-metal transition (defined as a transition from vanishing to finite DOS) at the Dirac point in 3D Dirac materials can be distinguished experimentally (at least as a matter of principle) by studying the electrical conductivity through the transition.
The rest of the paper is organized as follows. In section II, which gives the main content of our work, we present our Boltzmann transport theory providing analytical results for the conductivity for various values of α and d. We provide a discussion of our results along with a conclusion in section III. An appendix discussing the temperature dependence of screening completes the presentation.
II. THEORY AND RESULTS
Although our primary interest is understanding the behavior of the T = 0 Boltzmann conductivity at the Dirac point for the undoped Dirac material (i.e., the chemical potential at the Dirac point, k F = E F = 0, with no free electrons or holes in the system) as a function of dimensionality (d) and band dispersion (α) for long-range and short-range disorder, we will consider, for the sake of generality, a system with a finite doping (k F , E F = 0) so that our results have general applicability to experimental systems which can never be ideally intrinsic with the chemical potential precisely at the Dirac point. It is easy to figure out the intrinsic Dirac point behavior by taking the appropriate k F , E F → 0 limit of our general density-dependent results. We present our analytical results in three different subsections with IIA, B, C giving respectively results for d = 3 (and 2), arbitrary dimensions, and finally (IIC) the results for finite temperatures (with section IIA and B being restricted to T = 0). We use the word "Dirac point" to signify the E = 0 band touching point for all values of α (i.e., arbitrary energy dispersion) although the word Dirac point strictly applies only to the linear band dispersion case (α = 1).
A. Boltzmann Conductivity with E = Ak α We first consider 3D Dirac materials with d = 3. For a chiral system with an energy dispersion,
the energy dependent transport scattering time within the Born approximation is given by
where n i is the impurity density, θ is the scattering angle between k and k ′ , f (θ, φ) is the wavefunction overlap factor arising from chirality, and V (k, k ′ ) is the scattering amplitude. For example, for linear dispersion (α = 1),
where κ is the background lattice dielectric constant of the material, q = |k − k ′ |, and q s is the screening wave vector. For q s = 0, we get the usual unscreened Coulomb potential in the wave vector space going as 1/q 2 indicating the long-range 1/r behavior of the Coulomb interaction. We can rewrite Eq. (2) as
where q = 2k sin(θ/2) and D α (E) is the density of states per electron flavor or species,
From Eq. (3) we have
where F (θ) = sin θ(1 − cos θ) and within the TF approximation we have for the screening wave vector
where g is the total degeneracy (i.e., number of fermion flavors including both valley and spin), and E F is the Fermi energy. Since
where k F is the Fermi wave vector which is related to the carrier density through
The Boltzmann conductivity at zero temperature is given by
where
. In the strong screening limit, q s ≫ k F , we have from Eqs. (6) and (7) τ ∝ q 2 s
Combining with Eq. (10) we have for three dimensions
for all α. Thus the conductivity vanishes at the Dirac point (n → 0). This result is universal and is independent of the energy dispersion (i.e., α). Thus, the Boltzmann theory already predicts zero conductivity at the Dirac point for screened Coulomb disorder and the semimetal state is preserved independent of disorder strength (i.e., value of n i ). For unscreened Coulomb potential or very weak screened potential (k F ≫ q s ) we have
and
Thus, for unscreened disorder the conductivity is a non universal function of density (i.e., dependent on α), but it nevertheless vanishes in the n → 0 semimetal limit for all values of α. For short range disorder V (q) is a constant and we have
In this case the conductivity becomes finite for only α = 1 as n → 0, and the semimetal Dirac point manifests a finite conductivity in the Boltzmann theory for all values of the disorder strength. For a 2D system we have the density dependent conductivity as (the analysis follows Eqs. (1) - (16) 
(2) unscreened or weak screening Coulomb disorder
Again, for linear Dirac dispersion (α = 1), the 2D Dirac point conductivity is finite for the semimetal for shortrange disorder only, vanishing for screened or unscreened disorder.
B. Generalization to d-dimension
In a d-dimensional space the density of states for E = Ak α is give by
The carrier density is related to the Fermi wave vector as
where g is the total degeneracy. Thus, we have
The Boltzmann conductivity can be expressed as
where v k = dE k /dk is the velocity of the carrier, and f E k is the Fermi distribution function. The scattering time
is the wavefunction overlap (chiral) factor, θ is the scattering angle between k and k ′ , and q = 2k sin(θ/2).
The Coulomb interaction in the wave vector space is given by the appropriate d-dimensional Fourier transform of the Coulomb interaction V (r) = e 2 /κr, i.e.,
Note that we take the Coulomb potential to be 1/r in all dimensions where 'r' is the spatial separation.
(1) Screened Coulomb potential -within the TF approximation the screened Coulomb potential can be expressed as
and the screening wave vector q s in d-dimension is given by
From Eqs. (22), (23) , and (26) we have the density dependent scattering time and conductivity at zero temperature. In the strong screening limit (q s ≫ q T F ) the scattering time becomes
and the Boltzmann conductivity becomes
(2) Unscreened Coulomb potential or weak screening limit (k F ≫ q s )-in this case the scattering time is calculated to be (29) and the conductivity to be
(3) Density independent screening wave vector, i.e. q s = constant -in the strong screening limit q s ≫ k F , we have
and in the weak screening limit (k F ≫ q s ) the results are the same as the results for unscreened Coulomb potential. (4) Short range potential, i.e., V q = constant -in this case the results are the same as Eq. (31)
Thus, for n → 0 the conductivity is only finite for the short range potential and α = 1 regardless of the system dimensionality. For all long-ranged disorder, screened or not, the semimetal phase (n = 0) has vanishing Boltzmann conductivity for all disorder (except for the density-independent screening, which is exactly equivalent to short-range disorder since k F = 0 at the Dirac point).
C. Temperature dependent conductivity arising from energy averaging in the semimetal
Before considering the temperature dependent conductivity we first calculate the activated carrier density at finite temperatures. For a gapless intrinsic chiral system, in which the conduction and valence band meet at the Dirac point and therefore the chemical potential is located at the Dirac point (µ = 0), the activated electron density is given by
where g is the total degeneracy and β = 1/k B T . We can rewrite this equation as
where C is a constant. Thus the activated electron density is proportional to T d/α . In 2D (3D) the thermally activated density increases linearly with temperature for quadratic (cubic) dispersion E = Ak 2 (E = Ak 3 ). The conductivity Eq. (22) can be written as
where B is a constant. Assuming that τ ∝ E β and is independent of the temperature, the energy averaging of the scattering time gives the following temperature dependent Boltzmann conductivity in the n → 0 limit (i.e., intrinsic semimetals)
The energy dependent scattering time is given in Eqs. (27) , (29) , (31), and (32) for different situations, and substituting the corresponding β in Eq. (36) one obtains the temperature dependent Boltzmann conductivity for the semimetal (i.e., n = 0) for different types of disorder. Writing the temperature dependent Boltzmann conductivity in the semimetal (i.e. E F = 0) as
we get
where β is the exponent defining the energy dependence of the transport relaxation time (τ ∼ E β ). We note that although Eqs. (37) and (38) give the main temperature dependence of the Boltzmann conductivity, we have ignored only (presumably weak) T-dependence arising from screening (see Appendix A) as we assume q s to be temperature independent in deriving Eq. (38).
For specificity, we note that in 3D linear dispersion Dirac semimetal (d = 3 and α = 1) we get γ = 0, 4, 4 for short-range, screened Coulomb, and unscreened Coulomb disorder, respectively (the corresponding γ = 7/6, 11/6, 5/2 for 3D chiral quadratic dispersion, d = 3 and α = 2). Thus, the temperature dependent semimetallic (E F = 0) conductivity of the gapless chiral system, in principle, provides direct information about both the energy dispersion (and hence the noninteracting DOS) and the disorder potential (i.e., long-range or short-range). We note here also that the scaling of the Boltzmann conductivity, σ(E F ) at T = 0, on the Fermi energy E F , given by σ ∼ E δ F with the exponent δ (as given above in Eqs. (27) - (32)), follows exactly the same scaling law as thermal scaling, i.e., δ = γ as will be discussed further later in section III. (The equality δ = γ holds quite generally up to logarithmic accuracy provided that screening itself is weakly temperature-dependent and the main temperature dependence arises from the thermal averaging.)
In particular, let us consider d = α = 3 whence the 3D DOS is finite in the semimetal phase (instead of vanishing at the Dirac point, E F = 0, as in the linear dispersion situation). For d = α = 3, we have γ = 4/3, 4/3, 8/3 for short-range, screened Coulomb, and unscreened Coulomb disorder, respectively. This implies that, although the DOS itself is finite for d = α = 3 case, the corresponding Dirac point Boltzmann conductivity always vanishes for all disorder types keeping the system a semimetal (as far as the conductivity goes) independent of the fact the DOS itself is finite! By contrast, d = 3 and α = 1 case has γ = 4 (screened Coulomb), 4 (unscreened Coulomb), 0 (short-ranged), implying that the Dirac point Boltzmann conductivity vanishes for Coulomb disorder (screened or unscreened), but is finite for short-ranged disorder although the DOS at E = 0 vanishes in this case. Thus, we actually get the intuitively unexpected result that in 3D clean systems, in the presence of short-range disorder, the 'semimetallic' state with vanishing DOS at E = 0 (i.e. the α = 1, d = 3 case) has finite conductivity whereas the 'metallic' state with finite DOS at E = 0 (i.e., α = 3, d = 3 case) has vanishing conductivity! Thus, at least for the clean system, where the DOS can be tuned by the dispersion exponent α, there is no connection between the DOS and the Boltzmann conductivity. Given that the d = 3, α = 1 case has vanishing DOS at E F = 0 whereas the d = 3, α = 3 case has finite DOS at E F = 0, we conclude that the temperature dependent intrinsic semimetallic conductivity (i.e., the actual value of the exponent γ) could, in principle, distinguish the situation of finite DOS from the vanishing DOS in a chiral gapless system, but not whether the conductivity itself is finite or not.
III. DISCUSSION AND CONCLUSION
Our main theoretical finding is that the semiclassical Boltzmann conductivity always vanishes at the semimetallic "Dirac point" (i.e., E F = 0) for all gapless chiral systems in all dimensionalities for all Coulomb disorder (screened or unscreened) and short-ranged disorder except for the short-range uncorrelated white-noise disorder in the linear dispersion case (α = 1) which provides finite dc conductivity in all dimensions for all disorder strength. We have obtained general analytical results for the conductivity, σ(E F , T, α, d; n i ), as a function of Fermi energy (or equivalently carrier density), temperature, band dispersion (E ∼ k α ), system dimensionality, and disorder strength or type with E F = 0 denoting the "semimetallic" intrinsic phase and E F = 0 being the generic "metallic" extrinsic phase with free carriers. In the presence of (screened or unscreened) Coulomb disorder and short-ranged disorder with α = 1, we find σ(T = 0; E F = 0) = 0 for all values of d as long as n i = 0 whereas for short-range disorder in the linear dispersion situation we find σ(T = 0; E F = 0) = 0 for all d and α = 1. Our qualitative results with respect to conductivity (i.e., whether σ is zero or finite) thus cannot distinguish between zero of finite DOS phases in the 3D Dirac system (with α = 1) at E F = 0 since both situations (vanishing or finite DOS at E = E F = 0) will give either zero conductivity (Coulomb disorder) or finite conductivity (short-range disorder) at T = 0. Thus, the Boltzmann transport theory does not directly manifest any direct or indirect effect of the disorder-driven semimetal-to-metal quantum phase transition at the Dirac point. It is, however, worth while to mention that the pure Dirac case (α = 1) is special (at least with respect to short-range disorder) since it is the only situation which allows for a finite dc conductivity at E F = 0 in spite of the DOS being zero. If we use Boltzmann conductivity for E F = 0 as the 'order parameter' (rather than the DOS itself), we conclude that the disorder-driven critical transition discussed in Refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] should not be called a semimetalmetal transition simply because the DOS changes from being zero below to being finite above the transition since the expression 'metal' typically implies a finite T = 0 conductivity, and there is no evidence whatsoever that this is true in the putative 'metallic' phase for long-range disorder as T and E F go to zero.
Our detailed analytical scaling results for σ(E F , T ), however, suggest some qualitative possibilities for distinguishing between semimetallic (D = 0 at E F ) and metallic (D = 0 at E F ) phases through the power law dependence of the conductivity on E F (or equivalently density n) and/or temperature T . We find (see section II for details)
where the scaling exponents γ and δ depend on α, d, and disorder. While γ is defined in Eqs. (37) and (38), we provide δ below for various situations (by collecting together the results from section II)
(41) We note that for density-independent screening (i.e., assuming that the screening wave vector q s is independent of k F and is a constant), the strongly screened Coulomb disorder gives the same results as the short-ranged disorder. Comparing Eqs. (38) and (41), and putting in appropriate β values, we conclude δ = γ, which is an important verification of our theory since we expect this exponent identity based on general scaling arguments.
We note that the scaling exponents γ = δ in the Boltzmann theory do in general depend on both α and d (as well as on β, with τ ∼ E β , which is determined by the type of disorder) except for the pure short-ranged disorder which is independent of dimensionality. Thus, we have the following identity valid for all disorder (provided the temperature dependence of screening is negligible and the temperature dependence in the conductivity is arising entirely from energy averaging in the Boltzmann theory)
The "semimetallic" behavior in conductivity manifests itself for T > T F = E F /k B with σ ∼ T γ and the "metallic" behavior manifests itself for T < T F with σ ∼ E δ F , and δ = γ. This physics is schematically depicted in Fig. 1 which also serves to summarize our theoretical results showing that the "high-temperature" (i.e. T > T F which is also the low-density) regime corresponds to the semimetal and the "low-temperature" (i.e., T < T F , low density) regime corresponds to the "metallic" regime with a finite T = 0 value of conductivity.
We note that the Boltzmann theory predicts σ(T = 0, E F = 0) = 0 even for α = 3 (2) in d = 3 (2) dimensions for all disorder models (including short-range disorder) although the corresponding 3D (for E ∼ k 3 ) and 2D (for E ∼ k 2 ) DOS is finite at E F = 0. (As emphasized above, only short-range disorder for linear dispersion gives a finite Dirac point Boltzmann conductivity at T = 0.) Thus, having finite DOS at E F = 0 is not synonymous with a finite metallic conductivity at E F = 0, and one should be careful in automatically identifying metals (with finite conductivity) and semimetals (with zero conductivity) with having finite or zero DOS respectively! We note that to the extent exact numerical work 9 and SCBA 7 find the disorder-driven semimetal-to-metal quantum phase transition to be directly connected with the Dirac point conductivity increasing from zero to a finite value at a finite disorder, the disorder model used in these theories is short-ranged disorder which provides a nongeneric answer even in the Boltzmann theory of ours where in d = 2 and 3 we find the linearly dispersing Dirac system to always have a finite conductivity even in the T = 0, E F = 0 limit in the presence of only short-range disorder. For long-range disorder, the conductivity vanishes for E F = 0, and indeed the SCBA theory also no longer gives results consistent with the putative quantum phase transition. 8 Our work indicates that the semimetal-metal transition, even if it is theoretically allowed, will be very difficult, if not impossible, to observe experimentally. Any real 3D linearly dispersing (α = 1) Dirac system will obviously have some Coulomb disorder because of the inevitable presence of charged impurities. At low enough E F (i.e. low enough doping), this Coulomb disorder is always relevant for transport since it leads to zero conductivity (i.e., infinite resistivity) whereas any short-range disorder (even if it is important at high carrier density for large E F ) becomes completely irrelevant at the Dirac point (as E F → 0) since it gives rise to finite conductivity. This implies that transport properties at the Dirac point (E F = 0) will be completely determined by Coulomb disorder leading to zero conductivity at the Dirac point (except for any finite-temperature effects we discuss above). This remains true, within the Boltzmann theory, independent of whether the DOS is finite or not at the Dirac point, and therefore, the Dirac point conductivity is always likely to be semimetallic in nature (see Fig. 1 ) in the presence of any long-range disorder.
A brief discussion of graphene (i.e., d = 2, α = 1) transport properties may be germane in this context 1, 2 since d = 2 is the critical dimensionality for the semimetal-to-metal transition (for α = 1) implying that infinitesimal disorder produces finite DOS at the Dirac point in graphene, thus essentially making all undoped graphene samples everywhere being "metallic" with a universal Dirac point (E F = 0) intrinsic conductivity of σ D = 4e 2 /πh. Such a universal conductivity has never been measured in graphene dc transport experiments where the transport measurements typically agree with 24,25 the Boltzmann theory predictions for longrange Coulomb disorder with σ ∼ E F ∝ n for higher carrier density with the conductivity crossing over at low carrier density (E F ∼ 0) to a broad nonuniversal minimum, which depends weakly on the amount of disorder (and other details), arising from inhomogeneous electron-hole puddle formation in the system which has been studied extensively. [19] [20] [21] [22] 24, 25 Our experience with graphene hints at what is likely to be seen in 3D Dirac transport when detailed experimental data become available. For E F ≫ k B T , the conductivity will follow the Boltzmann prediction 5 going as E δ F , and then depending on the details (e.g., temperature, amount of disorder, etc.), at some low values of E F , there will be a crossover to the intrinsic σ ∼ T γ "semimetallic" behavior which will persist as long as k B T > E F . Eventually, at some disorder-dependent low density, there will be a crossover to the puddle physics with the conductivity showing a nonuniversal broad minima around the Dirac point similar to what is extensively seen in graphene. This puddle physics is in some sense reminiscent of the physics of "rare regions" discussed in Ref. [18] although the details are completely different since the puddles discussed by us arise from the density inhomogenity inherent in Coulomb disorder in the absence of screening by carriers which must happen around E F ∼ 0. 26 The conclusion, however, is the same that even the "semimetallic" phase at E F = 0 always has a finite local density of states as the system nucleates electron and hole puddles (with fluctuating local density, but vanishing average density for E F = 0) in order to screen the impurity induced Coulomb potential. These finite local density of states at the Dirac point have directly been observed experimentally in graphene through imaging microscopy techniques, 22,27 and we believe that they must exist in 3D Dirac systems also at low enough carrier doping 6 . We conclude by saying that we have analytically obtained the scaling dependence of the Boltzmann conductivity σ(E F , T ) in gapless chiral systems with arbitrary band dispersion and dimensionality due to scattering by Coulomb and short-range disorder. Our results illuminate the behavior of semiclassical conductivity in the semimetallic (zero density of states) and the metallic (finite density of states) gapless systems (when the chemical potential is near the band touching or "Dirac" points), showing that the power law dependence (neglecting logarithmic corrections) of the disorder-limited conductivity could, in principle, distinguish the semimetallic behavior (σ ∼ T γ ) at high temperatures (T > T F ) from the metallic behavior (σ ∼ E In deriving the main results of this paper (at finite temperatures), we neglected any temperature dependence arising from the screening itself, concentrating instead on the universal temperature dependence of the conductivity arising from the energy averaging which dominates the high-temperature conductivity for T > T F in the semimetallic phase (where the carrier density and hence the Fermi energy are small by definition). In principle, however, screening itself could have temperature dependence which can be quite subtle and rather important for non-chiral systems, particularly in 2D systems 28 with parabolic dispersion where the 2k F 'kink' in the zerotemperature polarizability leads to nonanalytic corrections of O(T /T F ) in the Boltzmann conductivity arising from screened Coulomb disorder 29 . In chiral systems of interest in the current work, 2k F back-scattering is suppressed, and therefore, the temperature dependence of conductivity is much weaker for screened Coulomb disorder 5, 30 Nevertheless, the screening wave vector q s may itself pick up a temperature dependence which we consider below (this effect is neglected in the main body of our work, but is straightforward to include 5, 30 ).
At first, it may seem that since q s is basically the density of states at the Fermi level, it cannot have any temperature dependence since the DOS, by definition, is temperature-independent. This is, however, untrue since at finite temperature, even for E F = 0 at T = 0, an averaging over energy must be done in order to calculate any physical quantity. This averaging over the Fermi distribution function leads to a T-dependence in screening even in the semimetallic phase at the Dirac point (and q s is no longer just simply the DOS at E F ).
The temperature dependent TF screening wave vector can be calculated from the d-dimensional polarizability at q = 0, Π(q = 0, T ) = g dED α (E) − ∂f E ∂E .
Then, we have the q s as
For the linear dispersion (α = 1) we find that q s increases linearly with temperature regardless of dimensionality. We note that, for d > α, which is true for 2D and 3D Dirac systems, screening at the Dirac point is enhanced (i.e. q s increases) with increasing temperature, and thus leads to insulating or semimetallic temperature dependence (i.e. an increasing conductivity with increasing temperature) which is the same behavior as that from energy averaging studied in the main part of the paper. For finite doping with E F > k B T , the temperature dependence of q s is exponentially suppressed by exp(−T /T F ) and is no longer important.
